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Abstract 

Since the pioneering works of Ebbesen [1], many studies have been dedicated to the enhanced 
transmission through subwavelength nano-structured gratings [2,3] (for a review, see [4]). This 
extraordinary transmission  was primary based on the resonance of surface wave (plasmon) and Fabry-
Perot resonance, phenomena inherently limited in terms of frequency. More recently, enhanced 
transmission has been reported over broadband frequency range at an optimal angle corresponding to 
the impedance matching between the host medium and the metallic grating [5-6], and this optimal angle 
is often called Brewster angle in this context. Although some studies have revealed the influence of the 
grating geometry [7,8], structural effects are in general disregarded. More generally, the grating are 
made of periodic metallic layers for which the controlling parameter is the filling fraction of the layers and 
the attempts to propose simple analytical results were limited to that case [6,9]. We show that the 
homogenization theory of layered media allows to describe acurately the observed transmission 
accounting for the compositional effects. This means that we consider finite values of the permittivity and 
magnetic materials (the metallic case being a limiting case), see Fig 1 and 2. Besides, applying a two 
step homogenization, inspired by [10], geometrical effects can be taken into account, beyond the simple 
influence of the filling fraction (Fig. 3 and 4).  The versatility of our analytical prediction is exemplified 
and compared to direct numerical calculations. Our approach should allow to design nano-structured 
gratings with controlled transmission properties.
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theory of layered media, frequently used to build meta-
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with 1/ρ|| = b/ρ0 + (1 − b)/ρ, ρ⊥ = bρ0 + (1 − b)ρ and

1/Be = b/B0+(1−b)/B. The transmission coefficient in

amplitude t through this anisotropic structure is simply

t =
4ueikl cos θ

(1 + u)2e−ik�l − (1− u)2eik�l
, (4)

with

u ≡ k cos θ
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being the ratio of the effective impedances and where

k� is the effective horizontal wavenumber, given by the

dispersion relation k2�/ρ|| + k2 sin2 θ/ρ⊥ = ω2/Be. This

simple expression gives the standard Fabry-Perot reso-

nances for eik�l = ±1 and the condition of perfect trans-

mission when the matched impedance condition is real-

ized: u = 1. This homogenization has been already used

in the Neumann limit [12] (note also that a non stan-

dard homogenization has been proposed in [6], where a

more involved dispersion relation is used for k�). The

Neumann limit corresponds to ρ/ρ0 → 0, B/B0 → 0 for

which k� � k and u � cos θ/(1 − b). In this limiting

case, the Fabry-Perot resonances are independent of the

incidence angle and the matched impedance condition is

obtained at the Brewster angle θ = cos−1(1 − b), as re-

ported in experiments performed using grating made of

steel [12] or aluminum [8]. Another limiting case corre-

sponds to the case of water waves, or equivalently the

case of p-polarized EM wave in a non magnetic dielectric

grating. In this case, B = B0 and only the contrast in

ρ exists. The figure 2 shows the transmission spectrum,

T = |t|2, as a function of ρ/ρ0 and as a function of the in-

cidence angle θ, given by Eq. (4). A reference spectrum

using full wave numerical calculations is reported [13],

and the difference between the two spectra is less than

3% in the whole range of incidence angles and contrasts.

The Fabry-Perot resonances appear for certain combi-

nations of (ρ/ρ0, θ) that realize k�l = nπ and, contrary

to the Neumann case, these resonances depend on the

angle of incidence since k� does depend on θ. We also

have reported in Fig. 2 the optimal angle θopt realizing

the condition of impedance matching

θopt = cos−1

�
(1− b)ρ0 + bρ

ρ0 + ρ
, (6)

from which the two limits for ρ/ρ0 can be deduced:

�
θopt(ρ/ρ0 → 0) = cos−1

√
1− b,

θopt(ρ/ρ0 → ∞) = cos−1
√
b,

(7)
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FIG. 2: Transmission spectrum, T = |t|2, as a function of
the mass density contrast, ρ/ρ0, and the incidence angle, θ.
The grating thickness is l = 20d. The layer width is b = 0.7
and the frequency is kd = 0.5. (a) Full wave calculation, and
(b) analytical result Eq. (4). The dashed line indicates the
optimal angle, from Eq. (6).

and these two angles differ from the usual Brewster angle.

The perfect transmission is independent of the length l of

the grating, as illustrated in Fig. 3 for a large ρ/ρ0 = 50,
and in Fig. 4, for a small ρ/ρ0 = 0.05 (gratings of length

l = 5d and l = d are considered).

FIG. 3: Spatial distribution of the wave field (real part) at
frequency kd = 1 in a SLG grating with b = 0.7 and ρ/ρ0 =
50, at the optimal transmission angle, θopt � 0.58. The length
of the grating is (a) l = 5d and (b) l = d.

FIG. 4: Same representation as in Fig. 3, for a small ρ/ρ0 =
0.05, at optimal angle, θopt � 0.97.

On Fig. 4(a), for a small ρ/ρ0, the wave propa-

gating in the grating resembles the effective wave

                   �/�0                                  �/�0

Fig. 1: Transmission 
spectrum function of the 
permittivity contrast and 
the incidence angle, θ. 
The grating thickness is 
shown on Fig. 2 and the 
frequency is kd = 0.5. (a) 
Full wave calculation, 
and (b) analytical result. 
The dashed line indicates 
the optimal angle.
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FIG. 2: Transmission spectrum, T = |t|2, as a function of
the mass density contrast, ρ/ρ0, and the incidence angle, θ.
The grating thickness is l = 20d. The layer width is b = 0.7
and the frequency is kd = 0.5. (a) Full wave calculation, and
(b) analytical result Eq. (4). The dashed line indicates the
optimal angle, from Eq. (6).

and these two angles differ from the usual Brewster angle.

The perfect transmission is independent of the length l of

the grating, as illustrated in Fig. 3 for a large ρ/ρ0 = 50,
and in Fig. 4, for a small ρ/ρ0 = 0.05 (gratings of length

l = 5d and l = d are considered).

FIG. 3: Spatial distribution of the wave field (real part) at
frequency kd = 1 in a SLG grating with b = 0.7 and ρ/ρ0 =
50, at the optimal transmission angle, θopt � 0.58. The length
of the grating is (a) l = 5d and (b) l = d.

(a) (b)

FIG. 4: Same representation as in Fig. 3, for a small ρ/ρ0 =
0.05, at optimal angle, θopt � 0.97.

On Fig. 4(a), for a small ρ/ρ0, the wave propa-

gating in the grating resembles the effective wave

Fig. 2: Spatial distribution of 
the wave field (real part) at 
frequency kd = 1 in a SLG 
grating with filling fraction b = 
0.7 and a contrast 50 (non 
magnetic material), at the 
optimal transmission angle, 
θopt ≃ 0.58. The length of 
the grating is (a) l = 5d and 
(b) l = d, d being the grating 
period.
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FIG. 7: Spatial repartition of the wavefields for the three

gratings (same as in Fig. 6) for θ = 0.4.
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FIG. 8: Grating of non magnetic material with ρ/ρ0 = 50:
Same representation as in Fig. 6. The gratings have the same

filling fraction ϕ = 0.35. For the SLG (red): b = 0.35, for

the RIG (black): a = 0.5 and b = 0.7, for the DLG (green):

a = 0.5, b = 0.7 and c = 0.01 (realizing the condition (1 −
a)/c = ρ/ρ0). The frequency is kd = 0.5, and L/d = 5,
l/d = 20.

FIG. 9: Spatial repartition of the wavefields for the three

gratings (same as in Fig. 8) for θ = 0.

a very small transmission (T = 0.32) although the area
open to the incoming wave is higher. We designed the
DLG starting from the same rectangular inclusions as
in the RIG but by connecting them with thin layers of
width c = 0.01, tuned to produce a maximum transmis-
sion: this indeed produces a transmission close to unity
at normal incidence (T = 0.98).

In conclusion, we have shown that it is possible to build
sub-wavelength gratings realizing broadband high trans-
mission for a wide range of incidence angles. This can be
done by playing with both the contrasts between the con-
stitutive material of the grating and the geometry of the
grating. In this context, the homogenization theory of
layered media has been shown to be a very efficient tool
to predict the wave physics, providing simple analytical
predictions.

The authors acknowledge the financial support of the
Agence Nationale de la Recherche through the grant
ANR ProCoMedia, project ANR-10-INTB-0914.

[1] T.W. Ebbesen, H.J. Lezec, H.F. Ghaemi, T. Thio and

P.A. Wolff, Nature (London) 391 667 (1998).

[2] U. Schröter and D. Heitmann, Phys. Rev. B 58(23) 15419

(1998); J.A. Porto, F.J. García-Vidal and J.B. Pendry,

PRL 83 (14) 2845-2848 (1999).

[3] M-H. Lu et al., PRL 99 174301 (2007).

[4] F.J. García-Vidal, L. Martín -Moreno, T.W. Ebbesen

and L. Kuipers, Reviews of modern Physics 82 729-787

(2010)

[5] X-R. Huang, R-W. Peng and R-H; Fan, PRL 105 243901

(2010).

[6] A. Alù, G. D’Aguanno, N. Mattiucci and M.J. Bloemer,

PRL 106 123902 (2011); N. Aközbek et al., PRB 85
205430 (2012); C. Argyropoulos, G. DíAguanno, N. Mat-

tiucci, N. Akozbek, M. J. Bloemer, and A. Alù, PRB 85
024304 (2012).

[7] C. Qiu, R. Hao, F. Li, S. Xu and Z. Liu, APL 100 191908

(2012).

[8] G. DíAguanno et al., Scientific Report, 2 340 (2012).

[9] G. Subramania, S. Foteinopoulou and I. Brener, PRL

107, 163902 (2011).

[10] H. Shen and B. Maes, APL 100 241104 (2012).

[11] J. Li et al. Nature Material 8 931-934 (2009)

[12] D. Qi et al. APL 101 061912 (2012).

[13] Full wave calculations have been done using a coupled

wave method, as described in, e.g., E. Popov, M. Nevière,

J. Opt. Soc. Am. 17, 1773-1784 (2006).

[14] A. Alù, M G. Silveirinha, A. Salandrino, and N. Engheta,

Phys. Rev. B, 75 155410 (2007).

[15] A.I. Cabuz, D. Felbacq and D. Cassagne, PRL 98 037403

(2007).

4

FIG. 7: Spatial repartition of the wavefields for the three

gratings (same as in Fig. 6) for θ = 0.4.

T

θ

0 π/4 π/2
0

0.2

0.4

0.6

0.8

1

FIG. 8: Grating of non magnetic material with ρ/ρ0 = 50:
Same representation as in Fig. 6. The gratings have the same

filling fraction ϕ = 0.35. For the SLG (red): b = 0.35, for

the RIG (black): a = 0.5 and b = 0.7, for the DLG (green):

a = 0.5, b = 0.7 and c = 0.01 (realizing the condition (1 −
a)/c = ρ/ρ0). The frequency is kd = 0.5, and L/d = 5,
l/d = 20.
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a very small transmission (T = 0.32) although the area
open to the incoming wave is higher. We designed the
DLG starting from the same rectangular inclusions as
in the RIG but by connecting them with thin layers of
width c = 0.01, tuned to produce a maximum transmis-
sion: this indeed produces a transmission close to unity
at normal incidence (T = 0.98).
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sub-wavelength gratings realizing broadband high trans-
mission for a wide range of incidence angles. This can be
done by playing with both the contrasts between the con-
stitutive material of the grating and the geometry of the
grating. In this context, the homogenization theory of
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Fig. 3:   Examples of the spatial distributions of the wave field (real part) 
 Left: Gratings are made of a sound hard material with the same filling fraction φ = 0.5 (the 
 geometries of the unit cell are indicated on the left of the field pattern) at frequency kd = 1 and 
 θ= 0.4. 
 Right: Gratings are made of a non magnetic  material  with the same filling fraction φ = 0.35 at 
f requency kd = 0.5 and θ= 0. 
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propagating with k� � k/(1 − b), corresponding to a

wavenumber inside the structure associated to an angle

θeff = cos−1[1 + b(1 − b)]−1/2 < θopt. For a large ρ/ρ0
(Fig. 3), k� → 0. No variation of phase is observed along

the structure, that behaves as a matched impedance

zero index material [14].

The robustness of the homogenization, even for small

l value, encourages to use successive homogenizations for

more complex grating structures, as sketched on Fig. 5.

It is morally similar to the two step homogenization pro-

posed in [15] for composite metamaterials. Our "compos-

ite" grating is formed of a periodic succession of stacks

made of single layers: one stack has layers of width bd
while the other stack has layers of width cd. Each stack is

first homogenized as previously, and the resulting struc-

ture is a 1D stack formed of a periodic succession of

homogeneous anisotropic stacks of respective lengths aL
and (1− a)L. This latter can be in turn homogenized to

form a homogenized anisotropic effective medium, whose

characteristics are

ρ�
ρ

=
a

bρ/ρ0 + 1− b
+

1− a

cρ/ρ0 + 1− c
,

ρ

ρ⊥
=

a

bρ0/ρ+ 1− b
+

1− a

cρ0/ρ+ 1− c
,

B

Be
= [ab+ (1− a)c]

B

B0
+ [1− ab− (1− a)c]

(8)

and the inverse of the effective bulk modulus is simply

the average of 1/B and 1/B0 with the filling fraction

ϕ ≡ [ab+ (1− a)c]. In the following, we call double layer

grating (DLG) the gratings formed by two layers of dif-

ferent widths b and c, and rectangular inclusion grating

(RIG) refers to the particular case c = 0.

(a)
...

...

· · ·

aL

L

bd
d cd

�

(b)

· · · �
(c) l

FIG. 5: Two step homogenization. (a) Geometry of the dou-
ble layer grating (DLG) including the case of rectangular in-
clusions (RIG) for c = 0. (b) The stack composed of two
anisotropic layers of respective lengths aL and (1 − a)L. (c)
The resulting homogenized grating of length l.

The expression of the transmission in Eq. (4) is still

valid with these new expressions of ρ�, ρ⊥ and Be, so

that the optimal angle depends, now, in addition to the

value of the contrasts and the filling fraction, on the ge-

ometry of the grating. For metallic grating, this geometry

has been considered in [9] to enhance the transmission at

normal incidence and, in this reference, this was done by

decreasing the filling fraction. Inspecting the Neumann

limit (ρ/ρ0, B/B0 → 0), one can see that the optimal

angle for the SLG is always smaller than for any other

structure with the same filling fraction. Nevertheless, it

is possible to enlarge significantly the range of the inci-

dent angles realizing high, although not perfect, trans-

mission (green symbols on Fig. 6). This is done using

alternate stacks of small length (small a value) and large

layer width (b close to unity) with a larger stack of small

layer width (here, c is imposed by the filling fraction).

This is illustrated on Fig. 6 where the transmission is

reported as a function of the incidence angle. We have

considered ρ/ρ0 = 10−4 and B/B0 = 6 × 10−7, close

to the contrasts between air and steel. In the presented

case, the transmission of the DLG remains higher than

0.9 for incidence angles up to almost π/2. Examples of

wave fields at small incidence angle are shown on Fig. 7.
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FIG. 6: Grating made of a sound hard material: Transmission
as a function of the incidence angle θ for three gratings with
the same filling fraction ϕ = 0.5. Red symbols: the SLG, with
b = 0.5, black symbols: the RIG, with a = 0.53 and b = 0.95,
green symbols: the DLG, with a = 0.2, b = 0.95, and c = 0.4
(plain lines for the full wave calculation and dashed lines from
Eqs. (4) and (8)). The frequency is kd = 0.1, and L/d = 5,
l/d = 20.

The case of a non magnetic material with large ρ/ρ0
is even more amusing. Indeed in that case, it is possible

to tune the geometry of the DLG to maximize the trans-

mission at θ = 0. To do that, it is sufficient to start with

rectangular inclusions (with ab close to ϕ, as in the RIG)

connected with very thin part of size c = (1 − a)ρ0/ρ.
This is illustrated in Figs. 8 and 9, where ρ/ρ0 = 50
has been considered. The RIG is formed by rectangular

inclusions of size b = 0.7 and a = 0.5, and this pro-

duces a transmission at normal incidence T = 0.74. The

SLG with the same filling fraction ϕ = 0.35 produces

4

FIG. 7: Spatial repartition of the wavefields for the three

gratings (same as in Fig. 6) for θ = 0.4.

T

θ

0 π/4 π/2
0

0.2

0.4

0.6

0.8

1

FIG. 8: Grating of non magnetic material with ρ/ρ0 = 50:
Same representation as in Fig. 6. The gratings have the same

filling fraction ϕ = 0.35. For the SLG (red): b = 0.35, for

the RIG (black): a = 0.5 and b = 0.7, for the DLG (green):

a = 0.5, b = 0.7 and c = 0.01 (realizing the condition (1 −
a)/c = ρ/ρ0). The frequency is kd = 0.5, and L/d = 5,
l/d = 20.

FIG. 9: Spatial repartition of the wavefields for the three

gratings (same as in Fig. 8) for θ = 0.

a very small transmission (T = 0.32) although the area
open to the incoming wave is higher. We designed the
DLG starting from the same rectangular inclusions as
in the RIG but by connecting them with thin layers of
width c = 0.01, tuned to produce a maximum transmis-
sion: this indeed produces a transmission close to unity
at normal incidence (T = 0.98).

In conclusion, we have shown that it is possible to build
sub-wavelength gratings realizing broadband high trans-
mission for a wide range of incidence angles. This can be
done by playing with both the contrasts between the con-
stitutive material of the grating and the geometry of the
grating. In this context, the homogenization theory of
layered media has been shown to be a very efficient tool
to predict the wave physics, providing simple analytical
predictions.
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Fig. 4:  Transmission as a function of the incidence angle θ (same grating as considered on Fig. 3). 
Plain line, full  wave calculations and dashed lines, analytical predictions from the two step 
homogenization.


